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Abstract .
A denotational model for networks of parallel processes is presented 
which generalizes the work of Kahn by using alternative data types, e.g. 
Lisp-like operators on trees. It is shown that the ordering aspect of 
data types plays a central role in determining how much parallelism can 
be present. It is also shown that this model allows an implementation- 
independent view of concepts related to the suspensions of Friedman and 
Wise and the lazy evaluator of Henderson and Morris. Finally, the cyclic 
structures of Kahn are shown to be eliminable through the use of recursion.
S EM A N T I C S  OF P A R A L L E L  PROGRAM GRAPHS
Keywords and Phrases: asynchronism, coroutine, denotational, graphs, Lisp 
parallelism, processes, recursion, semantics, streams, trees
CR Categories: 4.29, 4.32, 4.34, 5.21, 5.23, 5.24
Techniques for the expression of parallelism within programs have 
received considerable attention in the past decade. Such techniques 
are not only useful in allowing the programmer to take advantage of a 
multiple processor facil ity; they also provide an effective way for spec­
ifying the essence of a computation without unnecessary sequencing, so 
that optimization can be accomplished without prior "de-sequencing."
Recent work of Kahn [Kahn 74, Kahn and MacQueen 76] forms the prime 
motivation for the current study. However, we hope to illustrate that 
our ideas also form a conceptual basis for the "suspension" notion in 
[Friedman and Wise 76] and the "lazy evaluator" of [Henderson and Morris 
76].
The framework in which our ideas will be expressed is that of a 
network of operators. Such networks have been studied by numerous authors, 
e.g. [Karp and Miller 66], [Adams 68], [Seror 70], [Patil 67], [Patil 70], 
and [Kahn 74]. In all cases mentioned, the concern was with stream data 
types. That is ,  communication between operators was carried out by sending 
a stream of objects selected from a (possibly-infinite) set of atoms 
from one operator to another. Certain streams could also be designated 
as input streams or output streams.
Of the authors mentioned in the preceding paragraph, only Patil 
and Kahn dealt with "denotational" models, i .e .  models in which the 
operators were specified in terms of their action on the entire history 
of a stream. The other authors dealt with "operational" approaches,
'in which an operator was defined in terms of state changes.
I n t r o d u c t i o n
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[Keller 77] observed that i t  was useful to generalize the network- 
of-operator approach to general data types, following [Scott 76] and 
[Vuilleman 73]. Keller also showed examples of the usefulness of specific 
alternative data types, such as bags. It is in this spirit which we 
wish to continue in the present paper. Specifically, we will show that 
the tree data type (mentioned only in passing in [Keller 77]) provides 
a useful basis for parallel networks of Lisp-like operators. The impor­
tance of selecting the proper ordering accompanying this data type is 
shown. It will also be shown that this data type generalizes the former 
notion of streams in a natural way, and provides a conceptual basis for 




Following [Vuillemin 73], and [Scott 76], a data type is a set D with 
a partial order C  on D and a least element jl in D, such that for any 
chain of elements in D,
d0 -  dl -  d2 -  •' • 
there is a unique 1imit (or least upper bound) , denoted
U {dp, d i , d2, . . . }  .
A
If d denotes the above element, then its  defining property is that .
(Vi) d. O d 
and if  d is any element such that
(Vi) d. O d
A  ____ ____ ‘
then necessarily dC d, Of course, we have (VdeD) l C d .
Roughly speaking, the elements of such a domain are the objects 
which will be computed. The ordering C represents the degree to which 
the computation of an object has been completed. That is ,  during the 
history of a computation, we may expect to observe at the output 
successively more-complete objects, i .e .  a sequence
1 ^  ^2 — d3 — * • •
The ultimate output is not the sequence above, but rather its least upper 
bound. Some computations may never actually complete, in which case 
we may get an infinite sequence of distinct objects with a limit which 
is in some sense infinite. However, a computation may also fail to produce 
any non-trivial output, so that the least upper bound is just the element 
-L- It is sometimes intuitively helpful to think of the latter as the 
"undefined" object.
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In this paper, we shall be especially interested in two data types.
Both of these are based on a set A of atoms (which may well be infinite).
/N
Definition The set of streams over A, denoted A, is the set of all 
finite or countably semi-infinite strings of elements in A. Thus A contains 
the free-monoid A* and least upper bounds for any sequence of elements 
in A*. The ordering C is that of "prefix", i .e .
x ^ y  i f f  x = y or (3u) xu = y 
where juxtaposition denotes concatenation. The null string A is the 
least element. Thus an example of a chain and its  limit is
A ab ^  aba C* abab ^  . . .  Cl (ab)
Definition The set of finite-height trees (fht's) over A is defined 
as follows:
(i)  A is an f h t  ( th e  "null" tree)
( i i )  Any element of A is an fht (an "atomic" tree)
( i i i )  If tg, t-|, t 2 > . . .  is any countable sequence of fht's , then 
the bracketed combination <tg, t^, t 2 > .. .> is, an fht.
(iv) Extremal clause.
We will be mostly concerned with binary trees, 'in which the sequence 
<tg, t-j, . . .> is just ctg, t-|>. For purposes of clarification, we some­
time represent the tree <tg, t-j, t ^ ,  . . .>  as
F o r  e x a m p l e ,  t h e  t r e e  < a ,  < < b ,  a > ,  A > >  w o u l d  b e  e x h i b i t e d  a s
b a
Note The set of fht s does not form a data type, as limits do not exist. 
We introduce i t  merely to simplify the presentation of the set of trees, 
which does form a data type.
We define an ordering C on the above set as follows:
( i ) A n  t for any fht t 
( i i )  a C t  for aeA i f f  t = a
( i i i )  i f  t Q C t Q' , t ] C t 1', t 2 C t 2’, . . .
then <tg, t^, t 2, . . . > C < t 0‘ , t-j 1, t 2'» •••>
(iv) Extremal clause.
Definition The set of trees over A, denoted A, is defined as follows: 
(i) Any finite-height tree over A is a tree over A.
( i i ) I f  tg C  t i  C  t 2 C  . . .  then the 1imit of th is  sequence 
is a t ree  over A.
( i i i )  Extremal clause.
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Example Notice that i f  a is an atom, then according to the above 
definitions,
A a








Definition A tree is called complete i f  none of its leaves are A. 
Otherwise it  is called incomplete.
Notice that an infinite tree can be complete. The previous example is 
one instance.
Observation If t is complete, then t C t '  i f f  t = t 1.
This observation follows from the fact that a complete tree has only 
atoms as leaves, and atoms are Cl themselves only.
A computation will produce trees from the root outward. One may 
think of the presence of A at a leaf as denoting the possibility that the 
tree may be extended by a computation at that leaf. Once a leaf becomes 
an atom, there is no possibility of extending it  from that node. Hence 
a complete tree must be the ultimate result of a computation, although 
the converse is not necessarily true. '
For future reference, we define two special kinds of trees, "skinny" 
trees, and "flat" trees.
Definition A skinny tree is a binary tree such that i f  <tg, t-|> is 
a sub-tree, then tg is an atom. A flat  tree is either the null tree 
or an atomic tree. .
Hence every flat tree is also skinny.
Observation For any set of atoms A, there is a subset of the skinny 
trees over A which is isomorphic to the set of streams over A. That 
is ,  a finite stream
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and an i n f i n i t e  s t r e a m
a 1 ° 2 ° 3
c o r r e s p o n d s  t o  t h e  c o m p l e t e  s k i n n y  t r e e
N o t e
The  r e p r e s e n t a t i o n  d i s c u s s e d  a b o v e  i s  r e l a t e d  t o  t h e  L i s p  r e p r e s e n t a ­
t i o n  o f  " l i s t s " .  The  l a t t e r ,  h o w e v e r ,  u se  a s p e c i a l  atom ( " n i l " )  as  a 
t e r m i n a t i n g  c h a r a c t e r ,  i . e .  t h e  1 i s t
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i s  t h e  c o m p l e t e  t r e e
%  n11
The  d i s t i n c t i o n  b e tw e e n  s t r e a m s  and l i s t s  i s  i m p o r t a n t  b e c a u s e  we want  
o p e r a t o r s  t o  be " c o n t i n u o u s "  f u n c t i o n s  ( d e f i n e d  in  t h e  n e x t  s e c t i o n ) .
W h i l e  a f u n c t i o n  w h i c h  c o n c a t e n a t e s  s t r e a m s  i s  n o t  c o n t i n u o u s  u n l e s s  
t h e r e  i s  o n l y  a s i n g l e  a t om ,  i t  i s  e a s y  t o  s e e  t h a t  t h e r e  i s  a c o n t i n u o u s  
f u n c t i o n  w h i c h  c o n c a t e n a t e s  l i s t s .  F u r t h e r m o r e ,  u n l i k e  [Kahn 74]  and 
[Weng 7 5 ] ,  we can e a s i l y  h a n d l e  s t r e a m s  o f  s t r e a m s ,  s t r e a m s  o f  s t r e a m s  
o f  s t r e a m s ,  e t c .  t o  a n y  d e s i r e d  l e v e l  o f  n e s t i n g .
N o t e  I n f i n i t e  t r e e s  a l l o w  t h e  r e p r e s e n t a t i o n  o f  s o - c a l l e d  " c i r c u l a r  
l i s t s "  a s  in  L i s p .  E v e r y  such l i s t  c o r r e s p o n d s  t o  an i n f i n i t e  t r e e ,  bu t  
t h e r e  a r e  i n f i n i t e  t r e e s  w h ic h  do n o t  c o r r e s p o n d  t o  any  c i r c u l a r  l i s t .
B e f o r e  p r o c e e d i n g  t o  t h e  n e x t  s e c t i o n ,  we s h ou ld  a l s o  o b s e r v e  t h a t  
i f  D-j and  D2 a r e  d a t a  t y p e s  w i t h  o r d e r i n g s  and ^  r e s p e c t i v e l y ,  th e n  
Di x  i s  a d a t a  t y p e  w i t h
( d r  d 2 ) C  ( d - j 1, d 2 ' )  i f f  d 1 ^  d ] ' and d2 C 2 d 2 ' .
-10-
O p e r a t o r s
A c c o r d i n g  t o  [ S c o t t  7 6 ] ,  c o m p u t a b l e  f u n c t i o n s  a r e  " c o n t i n u o u s "  
o p e r a t o r s  on d a t a - t y p e s .  As  s h a l l  be  s e e n ,  t h i s  m a n i f e s t o  c e r t a i n l y  has 
h i g h  i n t u i t i v e  c o n t e n t  f o r  t h e  d a t a  t y p e s  o f  i n t e r e s t  h e r e .  .
D e f i n i t i o n  A f u n c t i o n  f :  D^  -> D2 i s  c o n t i n u o u s  i f  f o r  any c h a i n  i n  D-|
;■ dg C  d-j C  d2 • • • 
we a l s o  hav e  a c h a i n  i n  D2 ( t h i s  i s  c a l l e d  t h e  m o n o t o n i c i t y  c o n d i t i o n )
f C d Q) C  fC d - j ) I I  f ( d 2 ) C  . . .  
and f u r t h e r m o r e  -
f ( U { d Q , d r  d 2 , . . . } )  = U 2 { f ( d 0 ) ,  f ( d ] ) ,  f ( d 2 ) ,  . . . }  '
T h e  i m p l i c a t i o n  o f  c o n t i n u i t y  i s  t h a t  when a f u n c t i o n  i s  s u p p l i e d  
w i t h  "m o re  n e a r l y  c o m p l e t e "  i n p u t ,  t h e  o u t p u t  can become "no  l e s s  c o m p l e t e . "  
The  i m p o r t a n c e  o f  t h i s  c o n d i t i o n  f o r  o p e r a t o r s  on s e q u e n c e  domains was 
o b s e r v e d  in  [ P a t i l  70]  and [Kahn 7 4 ] .
A n o t h e r  way o f  u n d e r s t a n d i n g  c o n t i n u i t y  i s  t h a t  a c o n t i n u o u s  f u n c t i o n  
i s  o n e  w h i c h  i s  mono tone  and w h ich  i s  d e f i n e d  on i n f i n i t e  o b j e c t s  by 
t a k i n g  t h e  l i m i t  o f  t h e  d e f i n i t i o n  on f i n i t e  o b j e c t s .  Fo r  e x a m p l e ,  t h e  
o p e r a t o r  cons  on f i n i t e  t r e e s  i s  j u s t
c o n s  ^ o *  t l ) = < t 0 ’  t l >
T h i s  o p e r a t o r  i s  m onotone  a c c o r d i n g  t o  t h e  o r d e r i n g  g i v e n  in  an e a r l i e r
d e f i n i t i o n ,  s i n c e
( t 0 , t 1 ) O  ( t 0 * , t ] ’ )
=> t Q □  t g 1 and t-| O  t -|1
- > < t g ,  < t Q 5 t-| >
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We the n  e x t e n d  t h e  d e f i n i t i o n  o f  c o n s  t o  i n f i n i t e  t r e e s ,  by r e p r e s e n t i n g  
a ny  such t r e e s  t ,  t '  a s  l i m i t s :
' ■ t  ~ |__j { t Q j t l j t ^ S * * * }  , .
* t '  = U { t 0 ' ,  t ] ' ,  t 2 ' , . . . }  .
and d e f i n e
c o n s  ( t ,  t 1) = L I  { < t Q , t Q ' > ,  < t 1 , t-| ' > ,  < t 2> t 2 ‘ > ,  . . . }
T h i s  d e f i n i t i o n  s t i l l  s i m p l y  means t h a t  c ons  f o rm s  a new t r e e  f r o m  two 
t r e e s  by c o m b in in g  t h e i r  r o o t s  t o  g e t  a new r o o t .
We now e x t e n d  o t h e r  f a m i l i a r  f u n c t i o n s  t o  t h e  domain o f  t r e e s  in  
g e n e r a l ,  and o b s e r v e  t h a t  a l l  o f  t h e s e  e x t e n s i o n s  a r e  c o n t i n u o u s :
c a r ( t ) = <
t Q i f  t  = < t Q , 
e r r o r  i f  t  i s  an atom 
A o t h e r w i s e  ( i . e .  t  = A )
'1 i f  t  = < t Q , t j >
c d r ( t )  =  ^ e r r o r  i f  t  i s  an atom
A o t h e r w i s e  ( i . e .  t  = A )
~  t r u e  i f  t  i s  an atom \ ? \ ; 
a t o m ( t )  = " f a l  s e  i f  t  ^ a and t  i s  n o t  an atom 
_ A o t h e r w i s e  ( i . e .  t  = A )
( H e r e  we assume atom maps i n t o  a domain  w h ich  c o n t a i n s  t h e  a tom s t r u e  and 
f a l  s e . )
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a t o m e q C t g ,  t - j ) = *
t r u e  i f  a t o m C t g )  = t r u e  and a t o m (t -| ) = t r u e  and t g  = t-j 
f a l  s e  i f  a t o m C t g )  = t r u e  and a ton i ( t -| )  = t r u e  and t Q ^ t-| 
f a l s e  i f  a t o m ( t g )  f  A and a t o m (t -| ) f  A and a t o m ( t g )  f  a t o m ( t ^ ) 
A o t h e r w i s e
i f . . . t h e n . . . e l  s e ( t g ,  t-|, t ^ )  = '
t-j i f  t g  = t r u e
t 2 t 0 = f a 1 s e
e r r o r  i f  a ton in g )  = f a l s e
A o t h e r w i s e
The  r e a d e r  s h o u ld  n o t e  t h a t  t h e  c o n t i n u i t y  o f  t h e  a b o v e  f u n c t i o n s  
d o e s  i n d e e d  c o i n c i d e  w i t h  t h e  i n t u i t i v e  n o t i o n  o f  c o m p u t a b i l i t y ,  w i t h  A 
c o n n o t i n g  " u n d e f i n e d "  o r  " u n d e c i d e d . 11 F o r  e x a m p l e ,  a t o m ( t )  i s  supposed  
t o  t e l l  w h e t h e r  t r e e  t  i s  a t o m i c .  I f  t  i s  a t o m i c ,  then  atom can  r e p o r t  
t r u e , s i n c e  a t o m i c  t r e e s  a r e  c o m p l e t e ;  t h e r e  w i l l  be  no f u r t h e r  i n p u t  
t o  c h a n g e  t h e  a n s w e r .  On t h e  o t h e r  hand,  i f  t  i s  a t r e e  w h ic h  i s  n o t  
n u l l  and n o t  a t o m i c ,  t h e n  i t  i s  n o t  an a t om ,  and t h e  a ns w e r  f a l s e  can 
be r e p o r t e d  in  c o n f i d e n c e ,  s i n c e  no t r e e  "m ore  n e a r l y  c o m p l e t e "  than  
t  w i l l  c h a n g e  t h i s  a n s w e r .  But  i f  t  i s  A ,  i t  i s  a lw a y s  p o s s i b l e  t h a t  
f u t u r e  i n f o r m a t i o n  m i g h t  make i t  e i t h e r  an atom o r  a n on -a to m ,  so  t h e  
a n s w e r  must  r em a in  u n d e c i d e d  u n t i l  such i n f o r m a t i o n  i s  p r o v i d e d .
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T h e r e  a r e  s e v e r a l  means o f  i n t r o d u c i n g  p a r a l l e l i s m  i n t o  an o t h e r w i s e -  
s e q u e n t i a l  s y s t e m .  We l i s t  a g r o s s  c l a s s i f i c a t i o n  o f  t h e s e  means:
1.  I n t r o d u c e  i n t e r - o p e r a t o r  p a r a l l e l i s m
2.  I n t r o d u c e  i n t r a - o p e r a t o r  p a r a l l e l i s m
3.  M o d i f y  d a t a - t y p e s  ( a n d ,  c o r r e s p o n d i n g l y ,  t h e  o p e r a t o r s  a p p l i e d  
t o  them )  t o  p e r m i t  g r e a t e r  c o n c u r r e n c y .
We now e l a b o r a t e  on t h i s  c l a s s i f i c a t i o n .
I t  has l o n g  been r e c o g n i z e d  t h a t  one  way t o  i n t r o d u c e  p a r a l l e l i s m  
i s  t o  c o n s t r u c t  t h e  s y s t e m  as a n e t w o r k  o f  o p e r a t o r s ,  w he re  a l l  o p e r a t o r s  
can p o t e n t i a l l y  compute  c o n c u r r e n t l y ,  s u b j e c t  t o  t h e  p r e s e n c e  o f  d a t a  
b e i n g  s e n t  f r o m  o t h e r  o p e r a t o r s .  T h i s  t e c h n i q u e  i s  e x p l o r e d  in  many 
o f  o u r  r e f e r e n c e s ,  e . g .  [Ka rp  and M i l l e r  6 6 ] ,  [ P a t i l  6 7 ] ,  [Adams 6 8 ] ,
[ P a t i 1 7 0 ] ,  [ S e r o r  7 0 ] ,  [Kahn 7 4 ] ,  [ R i t c h i e  and Thompson 7 5 ] ,  e t c .
H o w e v e r ,  a s  m e n t i o n e d ,  t h i s  i n t e r - o p e r a t o r  p a r a l l e l i s m  e x p l o i t s  o n l y  
one  o f  s e v e r a l  p o s s i b i l i t i e s .
A n o t h e r  p o s s i b i l i t y  i s  t o  m o d i f y  t h e  o p e r a t o r s  s l i g h t l y .  Fo r  e x a m p l e ,  
[ K l e e n e  5 2 ] ,  [Manna and M c C a r t h y 7 0 ] ,  [ P a t e r s o n  and H e w i t t  70]  d i s c u s s  
" p a r a l l e l "  v e r s i o n s  o f  o p e r a t o r s ,  such as t h e  " i f . . . t h e n . . . e l s e "  o p e r a t o r .  
As d e f i n e d  e a r l i e r ,
I f . . .  t h e n . . .  e l s e .  . . ( A ,  t - j , t 2 ) -  A 
T h a t  i s ,  i f  t h e  e v a l u a t i o n  o f  t h e  " i f "  c o n d i t i o n  d oes  n o t  p r o d u c e  a non ­
t r i v i a l  a n s w e r ,  th e n  t h e  e n t i r e  c o m p u t a t i o n  d o e s  n o t  p r o d u c e  an a n s w e r ,  
b e c a u s e  i t  can n e v e r  be d e c i d e d  w h e t h e r  t h e  a n s w e r  s h ou ld  be t-j o r  t ^ .  
Howeve r  t h e r e  i s  one  c a s e  w he re  an a n s w e r  can s t i l l  be g i v e n  c o n s i s t e n t l y ,  
and t h a t  i s  when t^ = t 2 - T h i s  s u g g e s t s  t h a t  t h e  e v a l u a t i o n  o f  t^ and 
t 2 p r o c e e d  c o n c u r r e n t l y  w i t h  e v a l u a t i o n  o f  t h e  c o n d i t i o n ,  so  t h a t  i f  t h e
T.ypes o f  P a r a l l e l i s m
c o m p u t a t i o n s  o f  t-j and t 2 s h o u ld  happen t o  c o m p l e t e  and t h e  two a r e  e q u a l ,  
th e n  t h e  ans w e r  t-j can  be g i v e n  as t h e  r e s u l t  o f  t h e  e n t i r e  c o m p u t a t i o n .  
T h i s  r e v i s e d  o p e r a t o r  i s  t h e n  d e f i n e d  as f o l l o w s :
t-j i f  t g  = t r u e
^ 2  ^  ^0  = ^ se
p a r a l l e l  i f . . . t h e n . . . e l s e ( t g ,  t - j , t 2 ) ~ e r r o r  i f  a t o m ( t g )  = f a l s e
t-j i f  t -|, t 2 c o m p l e t e  and t-j 
A o t h e r w i s e
As we s h a l l  s e e ,  i t  i s  p o s s i b l e  t o  i n v e n t  a n o t h e r  v e r s i o n  o f  t h i s  o p e r a t o r  
w h i c h  g i v e s  e v e n  more  i n f o r m a t i o n  when t g  = A .
F i n a l l y ,  we m e n t i o n  t h e  e f f e c t  d a t a  t y p e s  can have  on c o n c u r r e n c y .  
O b v i o u s l y  t h e r e  can be many d a t a  t y p e s  w i t h  a common dom a in ,  t h e  d i f f e r e n c e  
among t h e  t y p e s  l y i n g  in  t h e  a s s o c i a t e d  o r d e r i n g s .  F o r  e x a m p l e ,  any  d a t a ­
t y p e  can be r e - c o n f i g u r e d  i n t o  a f l a t  d a t a  t y p e ,  i . e .  one i n  w h ic h
x C y  i f f  x = y  o r  x = x  
F o r  e x a m p l e ,  t h e  f o l l o w i n g  r e p r e s e n t s  such an o r d e r i n g  C :
f a l s e  t r u e
■ i  
T h u s ,  in  a f l a t  d a t a  t y p e ,  we e i t h e r  have  c o m p l e t e  i n f o r m a t i o n  a b o u t  an 
o b j e c t ,  o r  no i n f o r m a t i o n .  Now s i n c e  i t  i s  t h e  o b j e c t s  i n  a domain  w h ic h  
a r e  t r a n s m i t t e d  f r o m  o ne  o p e r a t o r  t o  a n o t h e r ,  what  we a r e  s a y i n g  i s  t h a t  
a n o n - f l a t  d a t a  t y p e ,  such as ou r  t r e e s ,  p e r m i t s  a m e a n i n g f u l  s e m a n t i c  
d e s c r i p t i o n  o f  i n c r e m e n t a l  c o m p u t a t i o n  w h e r e a s  a f l a t  d a t a  t y p e  d o e s  n o t .  
F o r  e x a m p l e ,  [Manna 74]  d i s c u s s e s  L i s p - l i k e  o p e r a t o r s  on l i s t s ,  w i t h o u t  
e x p l i c i t l y  d e f i n i n g  an a s s o c i a t e d  o r d e r i n g .  We c o u l d  i n f e r , f r o m  h i s
- 1 5 -
use  o f  a f l a t  d a t a  t y p e  f o r  t h e  n a t u r a l  numbers,  t h a t  a f l a t  d a t a  t y p e  
i s  i n t e n d e d  f o r  l i s t s  as  w e l l ,  and he d o e s  n o t  c o n s i d e r  i n c r e m e n t a l  
c o m p u t a t i o n .
To  s e e  how i n c r e m e n t a l  c o m p u t a t i o n  a l l o w s  g r e a t e r  c o n c u r r e n c y ,  we 
o n l y  have  t o  n o t e  t h a t  w i t h  t h e  f o r m e r ,  p i e c e s  o f  an o b j e c t  can be p r e s e n t  
b e f o r e  t h e  o b j e c t  i t s e l f  i s  a s s e m b l e d ,  and t h e s e  p i e c e s  can be o p e r a t e d  
on c o n c u r r e n t l y .  Some e x a m p le s  w i l l  be f o r t h c o m i n g  a f t e r  we d e s c r i b e  
n e t w o r k s  in  more  d e t a i l .  . •
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By a n e t w o r k , we mean a d i r e c t e d  g r a p h ,  t h e  a r c s  o f  wh ic h  c o r r e s p o n d  
t o  d a t a  t y p e s  and t h e  nodes o f  wh ich  c o r r e s p o n d  t o  c o n t i n u o u s  f u n c t i o n s  
on t h o s e  d a t a  t y p e s .  As ' i n d i c a t e d  in  [ K e l l e r  7 7 ] ,  t h e  s e m a n t i c s  o f  such 
a n e t w o r k  ( e v e n  i f  c y c l e s  a r e  p r e s e n t )  can a l s o  be d e s c r i b e d  by a c o n t i n ­
uous f u n c t i o n .  P u t  a n o t h e r  way ,  such a n e t w o rk  i s  d e t e r m i n a t e ,  even  
i f  p a r a l l e l i s m  i s  p r e s e n t .
To  g i v e  a t r i v i a l  e x a m p l e ,  c o n s i d e r  t h e  L i s p - l i k e  f u n c t i o n  n u l 1 
w h ic h  g i v e s  o u t p u t  t r u e  i f  t h e  i n p u t  i s  t h e  a t o m i c  t r e e  n i l ,  f a l s e  i f  
t h e  i n p u t  i s  a n o n - n u l l  t r e e  o t h e r  than  n i j , and A o t h e r w i s e .  A n e t ­
work  wh ich  computes  t h i s  f u n c t i o n  i s  shown b e l o w
N e t w o r k s  o f  O p e r a t o r s
w he re  t h e  node  marked  " n i l "  i s  a c o n s t a n t  f u n c t i o n  wh ich  p r o d u c e s  t h e  
a tom n i l .
Such n e t w o r k s  wou ld  be u n i n t e r e s t i n g ,  w e r e  i t  n o t  f o r  t h e  p o s s i b i l i t y  
o f  c y c l e s  and " r e c u r s i o n . "  A s i m p l e  e x a m p le  o f  a c y c l i c  n e t w o r k  i s  t h e  
f o l l o w i n g :
x
y
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I f  t h e  i n p u t  i s  x in  t h i s  e x a m p l e ,  t h e n  t h e  o u t p u t  i s  a z  w h ic h  s a t i s f i e s ,  
f o r  some y ,
y  = c o n s f x ,  y )  
z  = c d r ( y )
Under  l e a s t  f i x e d - p o i n t  s e m a n t i c s  ( s e e  [ K e l l e r  77] f o r  g r e a t e r  d e t a i l ) ,  
we w ou ld  have
y  = c o n s ( x ,  c o n s ( x ,  c o n s ( x ,  . . . ) ) )  
z  = c d r ( y )  = c o n s ( x ,  c o n s ( x ,  . . . ) )
F o r  e x a m p l e ,  i f  t h e  i n p u t  x w e r e
A





I f  t h e  i n p u t  x  w e r e
. a b
t h e n  t h e  o u t p u t  w ou ld  be t h e  c o m p l e t e  i n f i n i t e  t r e e
b\
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N o t e  t h a t  i f  a f l a t  o r d e r i n g  w e r e  b e i n g  u s e d ,  t h e  o u t p u t  f o r  any 
i n p u t  wou ld  n e c e s s a r i l y  be A .
By a n e t w o r k  w i t h  r e c u r s i o n , we mean one in  wh ich  c e r t a i n  nodes  
( c a l l e d  a u x i l i a r y  n o d e s )  a r e  named,  bu t  n o t  g i v e n  a p r i o r i  f u n c t i o n  
d e f i n i t i o n s .  I n s t e a d ,  t h e s e  names a r e  a s s o c i a t e d  w i t h  p r o d u c t i o n s  in  
a " g r a p h  grammar"  wh ich  i n d i c a t e s  a s u b s t i t u t i o n  t o  be made f o r  t h e  node 
when t h e  " a p p r o p r i a t e  t i m e "  comes .  F o r  e x a m p l e ,  c o n s i d e r  t h e  n e t w o r k
and so on .
H e r e  we have  used d o u b l e  c i r c l e s  on a u x i l i a r y  nodes  f o r  g r e a t e r  e m p h a s i s .  
The  s e m a n t i c s  o f  t h i s  n e t w o r k  ( a g a i n  s e e  [ K e l l e r  77]  f o r  more  d e t a i l )  
a r e  t h a t  t h e  o u t p u t  z  i n  r e s p o n s e  t o  i n p u t  x i s  t h a t  z  such t h a t
z  = c d r ( c o n s ( x ,  g ( x ) ) )  
w h e r e  g  i s  t h e  l e a s t  f u n c t i o n  s a t i s f y i n g
g ( x )  = c o n s ( x ,  g ( x ) )
x
\
w i t h  p r o d u c t i o n
By " l e a s t  f u n c t i o n , "  we h e r e  i m p l y  t h a t  t h e  o r d e r i n g  C o n  d a t a  t y p e s  
D i n d u c e s  an o r d e r i n g  on t h e  c o n t i n u o u s  f u n c t i o n s  on t h o s e  d a t a  t y p e s ,  
nam e ly
f C g  i f f  (VdeD )  f ( d )  C g ( d )
A g a i n  we r e f e r  t h e  r e a d e r  t o  [ K e l l e r  77]  f o r  a more  d e t a i l e d  e x p l a n a t i o n .
In p a r t i c u l a r ,  i t  i s  t h e r e i n  shown what  i s  i m p l i c i t  in  t h e  a b o v e  
d i s c u s s i o n :  t h a t  any  n e t w o r k  o f  c o n t i n u o u s  f u n c t i o n s ,  p o s s i b l y  w i t h  
p r o d u c t i o n s ,  i s  d e t e r m i n a t e  , in  t h e  s e n s e  t h a t  i t s  s e m a n t i c s  i s  g i v e n  
by a f u n c t i o n ,  and m o r e o v e r  t h a t  f u n c t i o n  i s  c o n t i n u o u s .  T hus ,  p a r a l l e l  
a c t i v i t y  can o c c u r  w i t h o u t  c o n c e r n  o v e r  t h e  a f f e c t  o f  r e l a t i v e  t i m i n g  
o f  o p e r a t o r s  on t h e  u l t i m a t e  r e s u l t .
We a l s o  n o t e  t h a t  s o l u t i o n  z  o f  t h e  p r e c e d i n g  e q u a t i o n s  i s  t h e  
same as t h a t  o f  t h e  f o l l o w i n g  s y s t e m :
z  = c d r  ( g ( x ) ) 
g ( x )  -  c o n s ( x ,  g ( x ) )  
by  v i r t u e  o f  t h e  s e c o n d  e q u a l i t y .  In  f a c t ,  i f  we i d e n t i f y  g ( x )  w i t h  
y  in  t h e  e a r l i e r  c y c l i c ,  bu t  n o n - r e c u r s i v e ,  e x a m p l e , w e  s e e  t h a t  t h e  two  
s y s t e m s  h av e  t h e  same s o l u t i o n .  T h i s  i s  no a c c i d e n t ,  f o r  i t  t u r n s  o u t  
t h a t  we can a l w a y s  g e t  r i d  o f  c y c l e s ,  a t  t h e  e x p e n s e  o f  p o s s i b l y  i n t r o ­
d u c i n g  r e c u r s i o n .  ■:
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P r o p o s i t i o n  F o r  e v e r y  n e t w o r k  o f  c o n t i n u o u s  f u n c t i o n s ,  t h e r e  i s  an a c y c l i c  
n e t w o r k  ( p o s s i b l y  w i t h  a d d i t i o n a l  a u x i l i a r i e s )  wh ich  computes  t h e  same f u n c t i o n s .
P r o o f  L o c a t e  w i t h i n  t h e  n e t w o r k  a c u t s e t  Y o f  a r c s ,  i . e .  a s e t ,  t h e  
r e m o va l  o f  w h i c h  makes t h e  n e t w o r k  a c y c l i c .  We th e n  d e p i c t  t h e  n e tw o r k  
a s  f o l l o w s :
X
H e r e  f  r e p r e s e n t s  t h e  a c y c l i c  p o r t i o n  o f  t h e  n e t w o r k ,  f ^  r e p r e s e n t s  
t h e  f u n c t i o n  computed on t h e  c u t s e t  a r c s  w i t h  r e s p e c t  t o  t h e  i n p u t  and 
f-| r e p r e s e n t s  t h e  f u n c t i o n  computed  on t h e  n o n - c u t s e t  a r c s .  We th e n  
i n t r o d u c e  a new a u x i l i a r y ,  s a y  g ,  and o b s e r v e  t h a t  t h e  f o l l o w i n g  s y s t em  
i s  e q u i v a l e n t  t o  t h e  o r i g i n a l ,  i n s o f a r  as  t h e  f u n c t i o n  computed a t  t h e  
o u t p u t  ( f . j ) i s  c o n c e r n e d .
x
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To s e e  why t h i s  w o r k s ,  t h e  o r i g i n a l  n e t w o r k  has
Z = f ^ X ,  Y )
Y = f 2 ( X ,  Y )  
w h i l e  t h e  n e w l y  c o n s t r u c t e d  n e t w o r k  has
Z = f ^ X ,  g ( X ) )  
g ( X )  = f 2 ( X ,  g ( X ) )
T h u s ,  i d e n t i f y  Y w i t h  g ( X ) t o  s e e  t h e  c o r r e s p o n d e n c e .
Example  C o n s i d e r  t h e  f o l l o w i n g  c o n t r i v e d  c y c l i c  n e t w o r k .
f-j i s  t h e  f u n c t i o n  w h i c h  r e l a t e s  z  t o  ( x ,  u,  v )  and c h o o s e  as  f 2 t h e  f u n c t i o n  
w h i c h  r e l a t e s  ( u ,  v )  t o  ( x ,  u, v ) .  We th e n  have  f o r  f ^ :
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N o t e  The c o n s t r u c t i o n  a b o v e  i n d i c a t e s  t h a t  a way t o  s e e  t h e  e f f e c t  o f
c y c l e s  i s  by "b a c k w a rd  u n r a v e l i n g "  w h ic h  in  t h i s  c a s e  i s  e q u i v a l e n t  t o
r e p e a t e d  e x p a n s i o n  o f  t h e  a u x i l i a r y  g r a p h .  R e t u r n i n g  t o  an e a r l i e r  and 
s i m p l e r  e x a m p l e ,
backward  u n r a v e l i n g  u s in g  t h e  r e c u r s i v e  f o rm  w ou ld  g i v e
and t h e  i n f i n i t e  t r e e  w h i c h  i s  g e n e r a t e d  can be c l e a r l y  a s c e r t a i n e d .
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N o t e  The p r o p o s i t i o n  j u s t  p r o v e d  shows t h a t  c y c l i c  s t r u c t u r e s  a r e  n o t  an 
e s s e n t i a l  a s p e c t  o f  n e t w o r k s  o f  p a r a l l e l  o p e r a t o r s ,  as  s u g g e s t e d  in  
[Kahn and MacQueen 7 6 ]  ( S e c t i o n  1 . 3 ,  f i r s t  p a r a g r a p h ) .  H o w e v e r ,  o u r  
t r a n s f o r m a t i o n  p r e s e r v e s  o n l y  t h e  i n p u t / o u t p u t  f u n c t i o n ,  n o t  each  
i n t e r n a l  f u n c t i o n .  In  p r a c t i c e ,  c y c l i c  s t r u c t u r e s  may be much more 
" e f f i c i e n t " ,  i f  t h e y  a l l o w  r e c u r s i o n  t o  be a v o i d e d .
N o t e  A s i m i l a r  t r a n s f o r m a t i o n  f o r  r e m o v in g  l o o p s  f r o m  f l o w c h a r t s  was 
p r e s e n t e d  i n  [M c C a r t h y  6 3 ] .  H ow e v e r  f l o w c h a r t s  a r e  n o t  an i n s t a n c e  o f  o u r  
p a r a l l e l  p r o g ra m  g r a p h s ,  and o u r  t r a n s f o r m a t i o n  i s  d i s t i n c t  f r o m  M c C a r t h y ' s .  
On t h e  o t h e r  hand ,  M c C a r t h y ' s  t r a n s f o r m a t i o n  c o u l d  be  a p p l i e d  t o  a f l o w c h a r t  
t o  g e t  a s y s t e m  o f  r e c u r s i o n  e q u a t i o n s ,  w h i c h  i s  an i n s t a n c e  o f  o u r  m o d e l .
We now p r o c e e d  t o  some more  p r a c t i c a l  e x a m p l e s .  The f i r s t  i s  a 
p a r a l l e l  v e r s i o n  o f  t h e  usua l  L i s p  f u n c t i o n  w h ich  a p p l i e s  a f u n c t i o n  f  
e a c h  l e a f  atom o f  a t r e e  t :
H e r e  we hav e  t a k e n  t h e  l i b e r t y  o f  i n t r o d u c i n g  a new d a t a  t y p e ,  nam ely  
f u n c t i o n s  on a t om s .  An i n t e r m e d i a t e  r e s u l t  o f  a p p l y i n g  a f u n c t i o n  f  t o  
a t r e e  such as
i s  ( r e m o v i n g  some s u p e r f l o u s  n o d e s ) :
so  t h a t  f  i s  i n d e e d  a p p l i c a b l e  t o  e a c h  l e a f  s i m u l t a n e o u s l y .  
A n o t h e r  e xa m p le  i s  t h e  f u n c t i o n  e q u a l , d e f i n e d  by
f t r u e  i f  t g ,  t-j c o m p l e t e  and t g  = t-j 
f a l s e  i f  t Q) t-| c o m p l e t e  and t Q f  t-j 
A o t h e r w i s e
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Where and i s  d e f i n e d  by t h e  t a b l e
and A f a l  se t r u e
A A f a l  se A
f a l  se f a l  se f a l  se f a l  se
t r u e A f a l s e t r u e
( T h i s  i s  t h e  " p a r a l l e l "  v e r s i o n  o f  a n d . )
T h e r e  i s  an e x t e n d e d  v e r s i o n  o f  equa l  ( c a l l e d  e q t r e e ) w h ic h  p e r m i t s  
t h e  e x t r a c t i o n  o f  e v e n  more  i n f o r m a t i o n  a b o u t  t h e  a r g u m e n ts .  T h i s  v e r s i o n  
c o n s t r u c t s  a t r e e  w h ic h  w i l l  have  t r u e  a t  a l e a f  i f  t h e  s u b - t r e e s  o f  t h e  
a r g u m e n ts  a t  node s  c o r r e s p o n d i n g  t o  t h a t  l e a f  a r e  c o m p l e t e  and equa l  , 
f a l s e  a t  a l e a f  i f  t h e  c o r r e s p o n d i n g  s u b - t r e e s  a r e  c o m p l e t e  bu t  unequa l  
and one  o r  b o t h  i s  an a t om ,  and A i f  one  o f  t h e  c o r r e s p o n d i n g  s u b - t r e e s  
i s  i n c o m p l e t e .
p a i r :  -
r ''
T h u s ,  e q t r e e  g i v e s  th e  r i g h t - h a n d  v a l u e  when a p p l i e d  t o  th e  l e f t - h a n d
b e  b d t r u e  f a l s e
/ \  / \  / \  
a b false A
The p r o d u c t i o n  i s :
e q t r e e
a tom eq
T h i s  e x a m p le  e x p l o i t s  a l l  t h r e e  t y p e s  o f  p a r a l l e l  i sm :  i n t e r - o p e r a t o r ,  
i n t r a - o p e r a t o r ,  and d a t a - t y p e .
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H a v in g  d e s c r i b e d  t h e  i n t e n d e d  s e m a n t i c s  o f  a p a r a l l e l  p rog ram  g r a p h ,  
l e t  us d e s c r i b e  one  n o t i o n  o f  " c o m p u t a t i o n "  in  such a g r a p h .  F o r  c o n c r e t e ­
n e s s ,  we assume t h a t  we have t h e  f o l l o w i n g  base  f u n c t i o n s :  a t o m , a t o m e q , n u 11 , 
c o n s , c a r , c d r , i f . . . t h e n . . . e l s e , and p o s s i b l y  p r o d u c t i o n s  f o r  a u x i l i a r y  
n odes  r e p r e s e n t i n g  r e c u r s i o n .  We assume f o r  s i m p l i c i t y  t h a t  any  i n p u t  
t r e e s  a r e  r e p r e s e n t e d  by cons  o p e r a t o r s ,  i . e .
C o m p u ta t i o n
a b
w he re  N i s  a n e t w o r k  o f  o p e r a t o r s ,  i s  r e p r e s e n t e d  by t h e  e x t e n d e d  n e t w o r k
a b
We a l s o  assume t h a t  t h e  g r a p h  i s  a c y c l i c  ( w i t h o u t  l o s s  o f  g e n e r a l i t y ,  
by an e a r l i e r  p r o p o s i t i o n  ) .
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A c o m p u t a t i o n  th e n  i n v o l v e s  a p p l y i n g  a s e r i e s  o f  p r o d u c t i o n s , u n t i l  
no f u r t h e r  p r o d u c t i o n s  can be a p p l i e d .  We i n c l u d e ,  f i r s t  o f  a l l ,  t h o s e  
p r o d u c t i o n s  ( c a l l e d  p r o d u c t i o n s  o f  t y p e  0 ) c o r r e s p o n d i n g  t o  t h e  e x p a n s i o n  
o f  a u x i l i a r i e s .  We a l s o  i n c l u d e  t h e  f o l l o w i n g  t y p e s  o f  p r o d u c t i o n s ,  w he re  
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In a d d i t i o n  t o  d e f i n i n g  wha t  p r o d u c t i o n s  can  be u s e d ,  e f f i c i e n t  
e v a l u a t i o n  demands a s t r a t e g y  f o r  t h e  o r d e r  i n  wh ich  p r o d u c t i o n s  a r e  t o  
be a p p l i e d .  The s t r a t e g y  w h ich  i s  m os t  a t t r a c t i v e  r e s e m b l e s  one c a l l e d  
" c a l l - b y - n e e d "  [Wadswor th  71]  and p r o c e e d s  by g i v i n g  p r i o r i t y  t o  p r o d u c ­
t i o n s  " n e a r e s t "  t h e  o u t p u t  a r c s ,  i n  hopes  o f  a v o i d i n g  t h e  e x p a n s i o n  o f  
nodes  n o t  e s s e n t i a l  t o  t h e  u l t i m a t e  r e s u l t .  In  a d d i t i o n ,  t h e  same r e s u l t  
i s  n o t  r e - c o m p u t e d ,  t h a n k s  t o  t h e  use  o f  a g r a p h  r a t h e r  than  a t r e e  t o  
r e p r e s e n t  t h e  p r og ram .
We i l l u s t r a t e  by an ex a m p le  in  wh ic h  a r e c u r s i v e l y - d e f i n e d  f u n c t i o n  
append  i s  a p p l i e d  t o  t h e  two  l i s t s  ( a )  and ( b ) .  The  p r o d u c t i o n  f o r  
append  i s
( 0 )
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T h e r e f o r e  t h e  g r a p h  i n i t i a l l y  i s
Co)
F o r  r e a d i b i l i t y ,  we have  e n c i r c l e d  t h e  s u b - g r a p h  wh ich  i s  t h e  a n t e c e d e n t  
o f  t h e  p r o d u c t i o n  n e x t  a p p l i e d
( 5 c )
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( l b )
a n i l b n i l
( 0 )
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Here  we y i e l d  t o  t e m p t a t i o n  and a p p l y  two p r o d u c t i o n s  c o n s e c u t i v e l y :
a n i l b n i l
( 3 a )
( 3 b )
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b n i l
b n i l
t h e  end r e s u l t ,  
r e p r e s e n t i n g  t h e  l i s t  (a  b ) .
A l t h o u g h  t h e  p r e c e d i n g  ex a m p le  i s  i n f o r m a t i v e ,  t h e r e  i s  some r e d u n ­
d a n c y ,  i n  t h a t  we h a v e ,  i n  a s e n s e ,  v i o l a t e d  o u r  c a l l - b y - n e e d  r u l e .  T h a t  
i s ,  we k e p t  a p p l y i n g  p r o d u c t i o n s  u n t i l  we c o u l d  go  no f u r t h e r .  Howeve r  t h i s  
a p p r o a c h  w ou ld  be d a n g e r o u s  w i t h  a s y s t em  such as
a
s i n c e  we w ou ld  n e v e r  s t o p  e x p a n d i n g .
What we need  i s  some way t o  i n d i c a t e  " n e e d "  in  t h e  g r a p h .  To do t h i s ,  
we must  assume t h a t  t h e r e  i s  an i n t e r f a c e  t o  t h e  o u t p u t  wh ich  t r i e s  t o  
p r i n t  same by a p p l y i n g  c a r  and c d r  t o  d i s c e r n  t h e  t r e e  s t r u c t u r e ,  o r  by 
a p p l y i n g  t h e  r o u t i n e  p r i n t a t o m  t o  an atom t o  p r i n t  i t s  v a l u e .  Thus a 
d e p t h - f i r s t  p r i n t i n g  o f  t h e  t r e e  c o u l d  be a c c o m p l i s h e d  by 
p r i n t ( t ) : i f  a t o m ( t )  t h e n  p r i n t a t o m ( t )
e l s e  p r i n t ( c a r ( t ) ) ;  p r i n t ( c d r ( t ) )  f i  .
On t h e  o t h e r  hand,  we c o u l d  d e v i s e  p r o c e d u r e s  t o  p r i n t  t h e  t r e e  b r e a d t h -  
f i r s t ,  t o  p r i n t  any  l e a v e s  b e l o w  a c e r t a i n  l e v e l ,  e t c .  A l l  such p r o c e d u r e s  
g e n e r a t e  n e e d s  a t  t h e  o u t p u t  a r c ( s )  o f  t h e  n e t w o r k .  P r o d u c t i o n s  a r e  a p p l i e d  
t o  t h e  n e t w o r k  a s  l o n g  as n eeds  a r e  u n s a t i s f i e d .  T h u s ,  f o r  t h e  n e t w o r k  a b o v e
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no p r o d u c t i o n s  wou ld  be a p p l i e d  u n t i l  a need p r o d u c i n g  f u n c t i o n  such as 
c a r  w e r e  a p p l i e d .  T h i s  wou ld  r e s u l t  i n  t h e  g r a p h  on t h e  l e f t  b e l o w ,  wh ich  
w ou ld  u n d e rg o  t h e  p r o d u c t i o n s  shown.
We s a y  t h a t  t h e  n eed  i s  s a t i s f i e d  when t h e  r o o t  node o f  t h e  t r e e  becomes 
e i t h e r  an atom o r  a c o n s , t h e  l a t t e r  i n d i c a t i n g  t h a t  t h e  r e s u l t  i s  a t r e e  
w i t h  f u r t h e r  s u b - t r e e s .  O f  c o u r s e ,  f u r t h e r  n eed  can th e n  be g e n e r a t e d  
by a p p l y i n g  c a r  o r  c d r . Two e x a m p l e s  a r e  shown b e l o w .
a a a
?
x  . 7 /
(3a)
*
( T h e  need  i s  
s a t i s f i e d  b e c a u s e  
t h e  r o o t  i s  
an a t o m . )
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( T h e  need  i s  
^  s a t i s f i e d  s i n c e  
t h e  r o o t  i s  a 
c o n s . )
We c o n j e c t u r e  t h a t  t h i s  a p p r o a c h  e l i m i n a t e s  i n f i n i t e  e x p a n s i o n s  w h ich  
a r e  u n n e c e s s a r y  b e c a u s e  o f  l a c k  o f  n e e d .  H o w e v e r ,  i t  d o es  n o t  e l i m i n a t e  
i n f i n i t e  c o m p u t a t i o n s  a r i s i n g  f r om  a need  w h ich  can n e v e r  be s a t i s f i e d ,  
a s  i n  t h e  e x a m p l e  b e l o w .  O f  c o u r s e ,  i t  i s  u n d e c i d a b l e  w h e th e r  a n e t w o r k  
has t h i s  p r o p e r t y .
I t  i s  n o t  o u r  i n t e n t i o n  t o  d e s c r i b e  t h e  i m p l e m e n t a t i o n  o f  o u r  model  
in  d e t a i l .  From t h e  p r e c e d i n g  s e c t i o n ,  i t  i s  c l e a r  t h a t  an im p l e m e n t a ­
t i o n  can be d e s i g n e d  i n  w h ic h  t h e  c o m p u t a t i o n  g r a p h  i t s e l f  i s  m a i n t a i n e d  
i n  t h e  f o rm  o f  a g r a p h  d a t a  s t r u c t u r e .  Fo r  t h e  d a t a  t y p e  o f  t r e e s  d i s c u s s e d ,  
we a l s o  n o t e d  t h a t  t h e  d a t a  c o u l d  be i n c o r p o r a t e d  d i r e c t l y  i n t o  t h e  g r a p h .
In  f a c t ,  a more  e x t e n s i v e  d a t a  t y p e ,  t h a t  o f  d i r e c t e d  a c y c l i c  g r a p h s ,  
c o u l d  a l s o  c l e a r l y  be  so  i n c o r p o r a t e d .  An i m p l e m e n t a t i o n  need  o n l y  s e l e c t  
and p e r f o r m  t h e  p r o d u c t i o n s  wh ich  w e r e  e x h i b i t e d  in  t h e  p r e c e e d i n g  s e c t i o n .
Each p o t e n t i a l  a n t e c e d e n t  d e t e r m i n e s  t h e  p r o d u c t i o n  u n i q u e l y ,  so  t h e r e
i s  a c h o i c e  o n l y  r e g a r d i n g  w he re  t h e  a n t e c e d e n t  i s  in  t h e  g r a p h .  As m e n t i o n e d ,
i t  i s  p r u d e n t  t o  c h o o s e  t h o s e  a n t e c e d e n t s  n e a r e s t  t h e  r o o t ,  f o r  t h e y  have
t o  hav e  been  c h o s e n  e v e n t u a l l y  a n y w a y ,  and by c h o o s i n g  them f i r s t ,  t h e r e
i s  a good  c h a n c e  t h a t  o t h e r  p a r t s  o f  t h e  g r a p h  w i l l  go  away .  In  r e a l i t y ,
o f  c o u r s e ,  " g o i n g  away "  means t h a t  a s u b - g r a p h  becomes u n r e a c h a b l e  f r om
t h e  r o o t ,  whence  t h e  s p a c e  i t  u ses  can be r e t u r n e d  t o  f r e e  s t o r a g e .
We c o n j e c t u r e  t h a t  t h e  p r o d u c t i o n s  g i v e n  a c h i e v e  t h e  l e a s t  f i x e d  p o i n t  
f o r  any  g i v e n  s e t  o f  i n p u t  v a l u e s ,  i n  t h e  s e n s e  t h a t  i f  we c a l l  p r i n t  
on t h e  o u t p u t ,  we w i l l  " p r i n t "  t h e  e n t i r e  o u t p u t  t r e e  ( a l t h o u g h  t h i s  may 
t a k e  f o r e v e r ) .  I t  i s  e a s y  t o  show t h a t  t h e  r u l e s  a r e  s o u n d , i . e .  t h e y  
p r e s e r v e  t h e  l e a s t  f i x e d  p o i n t .  And we c o n j e c t u r e  t h a t  t h e y  a r e  
c o m p l e t e , i . e .  p r i n t  w i l l  i n d e e d  p r i n t  t h e  e n t i r e  t r e e  and n o t  g e t  s t u c k  
somewhere b e c a u s e  o f  some r u l e  we h av e  o m i t t e d .  .
I t  seems w o r t h w h i l e  t o  p o n d e r  t h e  r e l a t i o n s h i p  b e tw een  t h e  a b o v e  
p r o p o s a l  and o t h e r  s u g g e s t e d  i m p l e m e n t a t i o n s ,  nam e ly  [Kahn 7 4 ] ,  [H e n d e r s on  
and M o r r i s  7 6 ] ,  and [F r i e d m a n  and W ise  7 6 ] .
I m p l e m e n t a t i o n
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Kahn n o t e s  t h a t  h i s  model  i s  c a p a b l e  o f  r e p r e s e n t i n g  a n e t w o r k  o f  
s e q u e n t i a l  p r o c e s s e s  i n t e r a c t i n g  v i a  s t r e a m s  o f  d a t a .  Each p r o c e s s  can 
e x e c u t e  a r b i t r a r y  i n s t r u c t i o n s  on p r i v a t e  d a t a ,  and s e l e c t e d  t y p e s  o f  
i n s t r u c t i o n s  on s t r e a m s :  send  a c h a r a c t e r  o u t  on a s t r e a m ,  o r  w a i t  f o r  
t h e  n e x t  c h a r a c t e r  i n  a s t r e a m  and r e a d  i t .  The  a n a l o g  i n  o u r  model  seems 
t o  be  i n s t r u c t i o n s  wh ich  e i t h e r  send p o i n t e r s  t o  o t h e r  p r o c e s s e s ,  o r  w a i t  
f o r  s e l e c t e d  p o i n t e r s  on i n p u t  p o r t s .  A p o i n t e r  wou ld  in  g e n e r a l  p o i n t  
t o  some node  in  t h e  g r a p h .  F o r  e x a m p l e ,  c o n s  w ou ld  be a p r o c e s s  wh ich  
w a i t s  f o r  ea ch  o f  a p a i r  o f  p o i n t e r s ,  th e n  sends  a p o i n t e r  t o  t h i s  p a i r  
a s  a u n i t ;  c a r  wou ld  w a i t  f o r  a p o i n t e r ,  wh ich  p r e s u m a b l y  p o i n t s  t o  a 
p a i r  o f  p o i n t e r s ,  t h e  l e f t  o f  w h ic h  wou ld  be s e n t  as  i t s  r e s u l t .  N o t i c e  
t h a t  we do n o t  r e q u i r e  t h a t  p o i n t e r s  p o i n t  t o  c o m p l e t e  o b j e c t s .  To do 
so  wou ld  mean t h a t  we g e t  w e a k e r  s e m a n t i c s  as a r e s u l t .
I t  i s  a l s o  i n t e r e s t i n g  t o  n o t e  t h a t  w h e r e a s  t h e  m e rg e  m o d u l e  ( s e e  
[ K e l l e r  7 7 ] )  i s  n o t  i m p l e m e n t a b l e  u s i n g  o n l y  t h e  send  and w a i t  p r i m i t i v e s ,  . 
n e i t h e r  i s  t h e  p a r a l l e l  i f . . . t h e n . . . e l s e  modu le  i m p l e m e n t a b l e  by p r i m i t i v e s  
w h i c h  w a i t  f o r  a f i x e d  s e t  o f  p o i n t e r s .  Both r e q u i r e  some f o r m  o f  
" m u l t i p l e x i n g " .  S p ace  d o e s  n o t  p e r m i t  a more  p r e c i s e  d e s c r i p t i o n  o f  t h e  
phenomenon t o  w h ic h  we a r e  a l l u d i n g .
The i m p l e m e n t a t i o n  o f  [H e n d e r s o n  and M o r r i s  76]  i s  done  in  t e rm s  o f  a 
c e l l  memory w i t h  p o i n t e r s .  In  a s e n s e ,  i t  i s  e q u i v a l e n t  t o  t h e  one  p r o p o s e d  
h e r e .  The c o n t r i b u t i o n  we o f f e r  i s  t h a t  by v i e w i n g  t h e  s y s t em  as a g r a p h ,  
t h e  mean in g  o f  t h e  t r a n s f o r m a t i o n s  can be u n d e r s t o o d  much m ore  r e a d i l y .
The  i m p l e m e n t a t i o n  o f  [ F r i ed m an  and W is e  76]  i s  a l s o  s i m i l a r .  H o w e v e r ,  
we h av e  no n e e d ,  as  t h e y  d o ,  t o  i n t r o d u c e  such n o t i o n s  as " s u s p e n s i o n s " .
Our s e m a n t i c s  a r e  p r e s e n t e d  in  a more  i m p l e m e n t a t i o n  i n d e p e n d e n t  f a s h i o n  
than  e i t h e r  o f  t h o s e  a b o v e .
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We have  p r e s e n t e d  a g r a p h  model  f o r  p a r a l l e l  c o m p u t a t i o n  and i t s  s e m a n t i c s .  
We have  a l s o  c h a r a c t e r i z e d  t h r e e  d i s t i n c t  ways in  wh ich  p a r a l l e l i s m  may 
be i n t r o d u c e d  i n  t e rm s  o f  t h e  s e m a n t i c s  o f  t h e  m o d e l .  Our r e s u l t s  
f o r m  a p r o p e r  e x t e n s i o n  o f  e a r l i e r  work  by Kahn. We c a n n o t  c l a i m  t h a t  
o u r  model  subsumes t h o s e  o f  [H e n d e r s o n  and M o r r i s  76]  and [F r i edm an  and 
W is e  7 6 ] ,  f o r  t h o s e  m o d e l s  a l s o  a l l o w  lambda e x p r e s s i o n s  and b i n d i n g s  
w i t h i n  t h e  d a t a  t y p e .  H o w e v e r ,  o u r  model d i s p l a y s  i n h e r e n t  p a r a l l e l i s m  
more  c l e a r l y  than  do t h e  a b o v e  and a v o i d s  awkward L i s p - l i k e  s y n t a x .  F u r t h e r ­
m o r e ,  we have  g i v e n  a p r e c i s e  s e m a n t i c s  f o r  t h e  t r e e  d a t a  t y p e ,  s e p a r a t i n g  
i t  f r o m  i m p l e m e n t a t i o n - o r i e n t e d  d i s c u s s i o n s  g i v e n  p r e v i o u s l y ,  and shown 
t h e  i m p o r t a n c e  o f  t h e  d a t a - t y p e  o r d e r i n g  in  r e l a t i o n  t o  p a r a l l e l i s m .
F i n a l l y ,  by  k e e p i n g  t h e  d e f i n i t i o n  o f  s e m a n t i c s  s u f f i c i e n t l y  s e p a r a t e d  
f r o m  d a t a  t y p e ,  we can e a s i l y  i n c o r p o r a t e  o t h e r  t y p e s  o f  o p e r a t o r s ,  e v e n  
t h o s e  w i t h  " i n t e r n a l  memory " .
We have  a l s o  shown t h a t ,  g i v e n  r e c u r s i o n ,  t h e  c y c l i c  s t r u c t u r e s  o f  
[Kahn 74]  a r e  e l i m i n a b l e .  ( H o w e v e r ,  i t  i s  y e t  u n c l e a r  w h e th e r  t h i s  i s  
a l s o  t h e  c a s e  f o r  i n d e t e r m i n a t e  p r o g r a m s ,  [ K e l l e r  7 7 ] . )
In  v i e w  o f  a l o n g  h i s t o r y  o f  d i s c o v e r i e s  and r e - d i s c o v e r i e s  o f  r e l a t e d  
c o n c e p t s  ( e . g .  [ K l e e n e  5 2 ] ,  [M c C a r th y  6 0 ] ,  [Brown 6 2 ] ,  [Conway 6 3 ] ,
[Zadeh  and D e s o e r  6 3 ] ,  [ L a n d in  6 4 ] ,  [ L a n d in  6 5 ] ,  [Bohm 6 6 ] ,  [K a rp  and 
M i l l e r  6 6 ] ,  [ P a t i l  6 7 ] ,  [ C o n s t a n t i n e  6 8 ] ,  [ T e s l e r  and Enea 6 8 ] ,  [ R o d r i g u e z  
6 9 ] ,  [ P a t i l  7 0 ] ,  [ S e r o r  7 0 ] ,  [ S t o y  and S t r a c h e y  7 2 ] ,  [ M i l n e r  7 3 ] ,  [ H e w i t t ,  
e t  a l . 7 4 ] ,  [Kahn 7 4 ] ,  [D e n n i s  7 4 ] ,  [ R i t c h i e  and Thompson 7 5 ] ,  [Weng 7 5 ] ,
[ S c o t t  7 6 ] ,  [ K o s i n s k i  7 6 ] ,  [ K e l l e r  7 7 ] ) ,  t h e  c o n t r i b u t i o n  we c l a i m  most  
w o r t h w h i l e  i s  y e t  a n o t h e r  v i e w p o i n t  wh ich  w i l l  a i d  i n  u n i f y i n g  t h e  d i v e r s e  
a r e a s  o f  p rog ramming  l a n g u a g e  s e m a n t i c s  and p a r a l l e l  c o m p u t a t i o n .
C o n c l u s i o n  and M i s c e l l a n e o u s  Remarks
R e f e r e n c e s
[Adams 68]  D.A .  Adams,  A c o m p u t a t i o n  model w i t h  d a t a  f l o w  s e q u e n c i n g .
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